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We reconsider a gauge theory of gravity in which the gauge group is the conformal group SO (4,2) 
and the action is of the Yang-Mills form, quadratic in the curvature. The resulting gravitational 
theory exhibits local conformal symmetry and reduces to Weyl-squared gravity under certain condi¬ 
tions. When the theory is linearized about flat spacetime, we find that matter which couples to the 
generators of special conformal transformations reproduces Newton’s inverse square law. Conversely, 
matter which couples to generators of translations induces a constant and possibly repulsive force 
far from the source, which may be relevant for explaining the late time acceleration of the universe. 

The coupling constant of theory is dimensionless, which means that it is potentially renormalizable. 


I. INTRODUCTION 

General relativity (GR) is a well-tested theory of grav¬ 
ity on scales ranging from microns to the size of the solar 
system. But on larger scales, cracks appear in the edifice 
of observational support for the theory. The gravitational 
interaction over galactic distances requires dark matter 
to account for rotation curves and dynamics of clusters, 
while over cosmological distances we require dark energy 
to drive accelerated expansion. While it is quite possi¬ 
ble, and some may argue probable, that one of both of 
these effects have an explanation within particle physics, 
it seems worthwhile to explore the possibility that GR 
itself is not the correct theory of gravity on large scales. 

An intriguing line of attack involves replacing GR with 
a theory respecting local conformal (Weyl) symmetry. 
There are diverse motivations for such an approach (see 
[l| for a recent discussion): One of the earliest involves 
noting that Maxwell’s equations are not only invariant 
under the Poincare group of transformations ISO(3,l), 
they are also invariant under the larger SO(4,2) grom 
of conformal transformations of Minkowski spacetime 
(as are other important massless field theories includ¬ 
ing the standard model with zero Higgs mass). It seems 
logical that the theory of gravity should have the same 
symmetries as electromagnetism, at least locally, yet GR 
retains local ISO(3,l), not SO(4,2), symmet^. 

Shortly after the appearance of GR, Weyl Q and Bach 
0 tried to rectify this by writing down a locally confor¬ 
mally invariant theory of gravity and electromagnetism. 
This approach failed as a unified theory, giving unac¬ 
ceptable gravity-EM couplings, and also failed to repro¬ 
duce solar system dynamics as linear gravity was gov¬ 
erned by a fourth order Poisson equation. To recover 
the inverse square law in conformal gravity, Mannheim 
has recently suggested that point sources are described 
by highly siMular distributions involving derivatives of 
J-functions [alll- 
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Another approach to alternative theories of gravity 
with a long history is based on Yang-Mills (YM) gauge 
theories. The YM action (here written assuming a com¬ 
pact gauge group), 

S = -7A- f d4xV^5''V''Tr(F^„F,;3), (1) 

is quadratic in the curvature Fq,^ of a Lie-algebra val¬ 
ued connection Aq, on a principle bundle over the space- 
time manifold (M, g), where gap is a given non-dynamical 
Lorentzian metric on M. The coupling constant gyu is 
dimensionless, which is what makes the theory perturba- 
tively renormalizable. By contrast, the Einstein-Hilbert 
action of GR is linear in the curvature of the Christoffel 
connection, there is no background (the metric is dynam¬ 
ical), and the coupling constant has dimension (mass)^. 
The latter presents one of the main obstructions to quan¬ 
tizing GR. 

To construct a YM gauge theory of gravity one first 
chooses a gauge group, and then identifies components 
of the gauge potential A^, with a vierbein e“ (or sol¬ 
dering form) and spin-connection uj^ on {M,g). This 
introduces an explicit algebraic dependence of the metric 
on the gauge potential, implying that YM gravity models 
generally exhibit less gauge symmetry than their purely 
YM cousins. Also, like the Einstein-Cartan action for 
GR, the YM gravity action is in first order form, but 
unlike the Einstein-Cartan action, the torsion of the con¬ 
nection is not constrained to be zero M- 

If one selects one of the Poincare, de Sitter, or anti- 
de Sitter groups as the gauge group, the identification 
of e“ and spin-connection uj^ exhausts all the compo¬ 
nents of Aq. (The de Sitter case has been investigated 
in 0.) Here, we follow Wheeler et al Q and consider 
the gauging of the SO(4,2) group. In this case, there are 
extra components of the gauge potential associated with 
special conformal transformations and dilatations. This 
allows for more general matter gravity coupling than in 
GR. The resulting equations exhibit local conformal sym¬ 
metry. 

By analyzing the linearization of this model about flat 
space, we find that matter that couples directly to the 
tetrad e“ sources a long range gravitational potential 
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that may be repulsive. Conversely, matter which cou¬ 
ples to the special conformal transformations sources a 
Newton-like gravitational potential that gives rise to the 
familiar inverse square law. Hence, in this model it is 
in principle possible to realize infrared modifications of 
gravity while still maintaining Newtonian gravity in the 
solar system. 


II. THE MODEL 

Our model is based on the SO(4,2) conformal group of 
Minkowski spacetime, which is the largest group of trans¬ 
formations that leaves null geodesics invariant. With 
a,b = 0... 3 and A,B = 1... 15, the fifteen generators 
3a of this group can be subdivided into: four transla¬ 
tions Pa, four special conformal transformations Ka, six 
Lorentz rotations Jo& = — Jtio, and one dilatation D. The 
non-zero commutators of generators are: 

Jed] — ^adJfac 4” Vbc3ad 4” Vac3db 4- ^bd3ca: 

[Pa; Jfoc] — ^6aPc ^caPfe; I^a] — ^^a; 

[I^a; Jfec] — Vba'^c Vea^^b: [Pa; JJ] — Pa; 
[Pa;Kb] =2(7?abD- Jai); (2) 

where rjab is the Minkowski metric. 

We define an so(4,2)-Lie algebra-valued vector poten¬ 
tial by 

A« = A^Ja = e“Pa + l^Ka + UJ^^Jab + ^aD, (3) 

where a = 0 ... 3 is a spacetime index. The components 
of associated field strength are given by 

= dciAp — dpA^ + i (4) 

with the structure constants defined by [Ja;Jb] = 
ab3c- 

We identify various components of in the Ja basis 
with geometric quantities in a 4-dimensional Lorentzian 
manifold M with metric gap and affine connection T°‘ps- 
In particular, we take e“ as the components of an or¬ 
thonormal frame fields on M, with as the associated 
connection one-forms. Hence, the metric and connection 
are given by: 

gap = VabBae^ aP = 6^ -f . (5) 

In these expressions, lowercase Greek and Latin indices 
are raised and lowered with gap and ijab, respectively. 
The curvature one-forms are anti-symmetric in their 
frame indices = 0, from which it follows that the 

affine connection is metric compatible 0: 

0 = V„g/37, (6) 

where is the derivative operator defined by T^^^. The 
Riemann curvature and torsion tensors of M are given by: 

R^'^ap = A ujc\p, (7) 

r“/3^ = e“(de“+w“Aea)/3^. (8) 


Note that we do not assume T “/37 = 2r“[^.^] = 0. 

To write down the action of our model, we start with 
the curved spacetime Yang-Mills action assuming a com¬ 
pact gauge group: 

F = f d^x^g'^^g^'^Tr (F„^F^,) + (9) 

Here, Fm = S'm[A^, ijj] is the action for matter '0. To get 
this into a form suitable for a non compact gauge group 
such as SO(4,2), we merely substitute in Yap = Fap^A '■ 

S = [ d^x^gg^>^gf^''hABF^pFl^, + 5^,, (10) 

where Hab = Tr(JAJB) is the Cartan-Killing metric on 
so(4,2). This can be related to the structure constants 
via the formula: 


hAB = f^ANf^BM- (II) 

The non-trivial components of Hab are: 

^ab — ^db — ^T^afe; ^14,14 — 2. 
b[ab][cd] ~ ^[cd][ab] ~ 3ga[cVd]b' (42) 

The notation here is that a, a = 0,1,2,3 denote com¬ 
ponents in the direction of translations Pa and special 
conformal transformations Ka, respectively. The six in¬ 
dices [a6] consist of [12], [23], [31], [01], [02], [03] and de¬ 
note directions along the distinct non-zero generators Jab 
of Lorentz transformations. Finally, the index 14 denotes 
the component in the direction of the generator D of di¬ 
latations. 

We view (nni) and (HH) as the defining relationships for 
our model . Notice that the generators Ja do not explic¬ 
itly appear in either of these formulae, yet the particular 
choice of basis for so(4,2) does influence Hab and 
That is, if we change basis according to 

Ja = Ca^Jb, (13) 

where Ca^ is a matrix such that Ca^Cd^ = Sa^, then 
the field strength components and Killing metric trans¬ 
form as 

hAB = CA^Cs^hcD. F^p = Cs^F^p. (14) 

It follows that (nni) itself is invariant under such a trans¬ 
formation; i.e., the action for our model is invariant un¬ 
der a change of so(4,2) basis. Furthermore, the action is 
manifestly diffeomorphism invariant. 

Making use of the definitions above, we can rewrite the 
action m exclusively in terms of spacetime tensors: 


5 = 


9ym 


I 


d X\/ "g (^RaPjS 2^diP^b^ 

+ 2(V“/'^'^ -f 

^ (F/j.ap F ‘3g^[aqp])F 

{d[aQp] + -^apY 


( 15 ) 
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Here, we have defined: 

/a/3 ■ ^a/3 • 

^aPjS ._ g-ylaj0]S _ gS[a y/3]7^ ^^6) 

We demonstrate in Appendix |A] that under certain re¬ 
strictive circumstances, (uni reduces to the action of 
Weyl-squared gravity. 

Variation of the action OT with respect to the gauge 
potential yields the equation of motion: 

(17) 

where is the gauge covariant derivative: 

:= (18) 

and is the derivative operator defined from the Levi- 
Civita connection: 


f“/37 = 55“'’(5/35p7 + ^75 p/3 - 9pgfij). (19) 


Note that Va = Va if and only if T^^'y = 0. The currents 
in (El are given by: 


, T^^''eiKb 


Jc — 


9ym ^(V g-^m) 

'2^ 6 AC ^ 


( 20 ) 


where Cm is the Lagrangian density of the matter fields, 
Jc = hscj^'' and 

rP- = Hab {F^ppf^\ - IgP^F^^F^P'^) . ( 21 ) 

We parametrize the matter current as 

jS-Js = + c“^"Jab + d"D, (22) 


and define a°‘'" := e‘^a°‘'', etc. The structure of Cab im¬ 
plies that aa /3 is proportional to the functional deriva¬ 
tive of the matter action with respect to that is, aa /3 
characterizes matter which couples to the generators of 
special conformal transformations. Similarly, &a/ 3 , Ca/ 37 , 
and da describe matter with coupling to e“, or qa, 
respectively. 


III. GAUGE SYMMETRIES 


To see this explicitly, let us parametrize an arbitrary 
gauge transformation as 

=x“Pa + A“K, + A“^J„„ + HD. (24) 

We note following gauge transformations: 

Set = 5ax" - e^A", + - igax", (25a) 

Sit = daX’^ - - \lt^ + ujt^Xc + igaA^ (25b) 


<5^“" = aaA“^ + UJa\A^^ + CCa'-cA^^ 

+ ^(Af“eS-xf“^2), (25c) 

Sqa=da^+\{Xa-Xpf^a), (25d) 

Sgap = 2V(aX/3) + ^9ap - \{qaXp + 9/3Xa), (25e) 

Sfap = {Vp + \qp)Xa + f^p{Va " \qc.)x^.. (25f) 


where we have written Xo- = ^aaX^'^ stc. Temporarily 
switching off the matter fields, we hnd the variation of 
the action under this gauge transformation is 

SS = -T f d'^x^/^Xaiy ptP‘' + ^qp-rP''). (26) 

5 ym d 

Hence, the action is invariant only if we take Xo- = 0. 
In other words, this theory is invariant under an eleven 
parameter subgroup of SO(4,2) gauge transformations 
parametrized by 

e^JA = A“K„ + A“''J,b + HD. (27) 

The absence of the Pa generators in ((27l) is not surprising: 
as in GR, the Poincare translational symmetry of the 
Minkowski metric is supplanted by the diffeomorphism 
invariance of curved space in our model 0 

Under the transformation (j27p . the component of 
parallel to D transforms as 

Sqa=daCl+\Xa- (28) 

It is obvious that via a simple series of gauge transforma¬ 
tions of the form = A“Ka we can impose the gauge 

condition qa = 0. For the remainder of this paper, we 
will work exclusively in such a gauge. Note that there is 
still some residual gauge freedom: the condition qa = 0 
is preserved under transformations parametrized by: 

e"^JA = -2e““aaH Ka -b A^'^Jab + HD. (29) 


The action (nni) is not invariant under the usual in¬ 
finitesimal YM gauge transformations, 

Aa Aa + dai^ + f'^BcAa^^, (23) 

with arbitrary gauge parameters e'^. The reason is that 
although (flUll closely resembles the familiar YM action, it 
differs in one key respect: The metric carries an explicit 
dependence on the gauge potential via the identification 
gap = dabS-a^'t^ which breaks the full YM gauge symme¬ 
try. 


Under this, the frame fields and metric transform as 

Set = (-A“b + \ClS‘"h)et, Sgap = Clgap- (30) 


^ When thinking about gauge transformations in this model, one 
may be tempted to interpret Pa as the generator or diffeomor- 
phisms rather than translations. As is clear from (HOD and osj, 
the action is invariant under diffeomorphisms but not invariant 
under gauge transformations generated by Pa- Therefore, Pa is 
not the generator of diffeomorphims. 
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We see that A“^ generates infinitesimal Lorentz rotations 
of the frame fields and 17 generates infinitesimal local 
conformal transformations. Hence, the invariance of the 
action under o means that our model is conformally 
invariant. 

The following gauge transformation generates a con¬ 
formal transformation of the metric and preserves the 
gauge condition = 0: 

= - 2 e““a„HK„-pHD. ( 31 ) 

Under this, the torsion tensor transforms as 

(32) 

So, under transformations that preserve the qa = 0 
gauge, the torsion tensor is gauge invariant, and the 
torsion-free sector is preserved under this restricted group 
of gauge transformation. 

IV. EXPLICIT EQUATIONS OE MOTION 
A. With torsion 


where 

Ca/37 — (38) 

Making note of gap = Caa^p, this can be re-written as 

ujf = ^e°^°'e'^^{dpgja + djgap-dagp'Y-‘2eacdpe^). (39) 

Substituting this into the second member of JS]), we get 

r“/37 = \ 9 °'^{dpg^p -f d^gpp - dpgp^). (40) 

Hence, if the torsion is zero we find that p-y reduces 
to the Levi-Civita connection and Vq is the familiar co¬ 
variant derivative used in general relativity. Of course we 
could have come to this conclusion without any calcula¬ 
tions: We have a priori assumed that our connection is 
metric compatible, so the additional restriction that the 
torsion vanishes means that we must necessarily recover 

(TO . 

When we assume that Tap-y = 0 in the equations of mo¬ 
tion (|33l) . several simplifications occur. The first member 
of (1551) can be algebraically solved for f(^ap)' 


In a gauge where qa = 0, we can re-write the compo¬ 
nents of the equation of motion dn} explicitly in terms 
of spacetime tensors: 


f{aP) — ‘lOaP- 

where Gap ■= Gap — ^gapG, a = a^p, and 


( 41 ) 


a°‘'' = 

VpT°‘>^‘' + 7?“'^ - -f ^ 9 °“^), 


b°“' = 


1 

,ap. _ 

_|_ l 0 [ap]v _ 1 j[a\p,\rjip]v^ 


d'^ = 

(2V^ + Vp)^^^'^ + - 5^"/) 




(33) 

, Rap is the Ricci tensor and we have defined 


Qfiap 

ya jnP _ y^ jna _|_ jr-c^rp^ap 

(34) 

(^ap-yS 

j^ap-yS _ i(g7[“ j:P\S _ gS[a 

(35) 


B. Without torsion 



In general, solutions of the equations of motion ((33ll 
will have non-zero torsion. However, in the reminder of 
the paper we will concentrate on the torsion-free sector 
of the solution space. In future work, we will explore the 
more general case in detail. 

If there is no torsion, equation (jS]) implies that: 


Sap '■= \[RaP — \Rgap) ( 42 ) 

is known as the Schouten tensor. The third and fourth 
members of (1551) yield a consistency condition satisfied 
by matter fields to ensure Tap-y = 0, 

Q = V’^aap+cpa’^ -\dp. (43) 

as well as relations resembling Maxwell’s equations in the 
presence of electric and magnetic charges: 

^ (44) 

= ^dp - \cpa^ - l^pa. (45) 

Finally, the second member of (1551) gives 

-f -f (46) 

where 

Bp. = -V'^VaSp. + V’^VpSa. + Cpa.pS^f^, (47) 


'9[/3e“] -I- oj^pCj^i, — 0. (36) 

Making use of the fact that = 0, this can be solved 
to give the connection one-forms in terms of the tetrad 
and its derivatives: 

= 5e““e'>'''(^/3..yc< - Ca/37 - ^-fap), (37) 


is the Bach tensor, Cap-yS is the Weyl tensor, and is 
a tensor quadratic in ^ap^ Gap and the curvature: 


- \{2Sxp - dxp + ^A;.)X 

{^g^[npp']o‘ _ ga[^i-u]\ _|_ ga[^i <^v]X _ <^v]a 

^gcX^t^i'y (48) 
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V. WEAK FIELDS 

We now consider the linearization of the torsion-free 
sector of the model about a Minkowski background in 
which Ra/ 3 jS, and all matter fields vanish. For sim¬ 
plicity, we will consider perturbative matter sources with 

Ca/37 = 0 = da ^ d'^O-alS = 0. (49) 

As in ii, we define a traceless metric perturbation 
dfa/3 ■ 


(|5^ does not fix the difference cj) — ip oi the metric po¬ 
tentials. This is because the gauge transformations (Ei) 
gives Sha /3 = eria/ 3 , which implies: 

S{cj) + Ip) = 0, S{cp-ip) = e; (56) 

i.e., (p +Ip is gauge invariant while (p —ip is a purely gauge 
degree of freedom. We can use this freedom to impose 
a parametrized-post-Newtonian (PPN) m gauge condi¬ 
tion (p = —Talr from which it follows that the standard 
PPN parameter 7 is 


— da/3 “f da/3 5 — da/3 4da/3d. (dO) 

Under these assumptions and expanding to linear order, 
we find that 

V[“^/5'^]=0, V“=Fa /3 =-|V/ 3 a, 00 = 0, (51) 

and 


- \(.ldo,dpd^d''H^, - 2na"a(aid/3). + 

+ n^dfa/s) = ^CUfla^ + + ^dad^Q. (52) 


Here, indicates the trace-free part of Oa^a- We see 
that the trace of acts as a source for both ^a /3 and 
Hap. We can hence consider Hap to be the sum of con¬ 
tributions sourced by a and respectively. Concen¬ 
trating on the latter, we can impose the transverse gauge 
condition d°^Hap = 0 to simplify the equations of mo¬ 
tion. For static sources and fields, the equations can be 
solved explicitly via Green’s functions in this gauge: 





27 r|r — r'l 




bapir'). 


(53) 


We see that the metric perturbations sourced by a^J fall- 
off as inverse distance, just as in the static weak field limit 
of general relativity. However, the perturbations sourced 
by bap increase proportionally with distance, implying 
a modification of the gravitational interaction on long 
wavelengths. The existence of distinct short and long 
range gravitational forces is directly related to the ap¬ 
pearance of DflaJ in (1521) and not which in turn 

follows from (|46)l . 

If we do not impose the transverse condition {d'^Hap = 
0) and assume that Uap and bap both have (5-function 
support at the origin, we can solve (|5^ explicitly: 


ds^ 


— (1 -I- 2(p)dt^ + (1 ~ 2ip){dx^ -I- dy^ -I- dz^), (54) 


(p + ip 
2 



r 

n' 


(55) 


Here, and r/, are constants proportional to the am¬ 
plitude of the (5-functions in aap and bap, respectively. 
Note that Xa and r/, are not necessarily positive; their 
signs cannot be determined in the absence of a specific 
matter model. Also note that the equation of motion 


Ip , 2 r^ 

■7 = 1+ I- 1 ■ 

9 Iran] 


(57) 


Hence, in order to satisfy the Cassini constraint I 7 — 1| ^ 
10 “®, we need \rari,\ ^ in the solar system. 

One may be concerned that when we assume that 
aap oc i5(r), the source term on the righthand side of 
(1521) contains derivatives of a (5-function; i.e., our mech¬ 
anism for recovering Newton’s law involves the same 
highly singular sources as envisioned by Mannheim et al 
[a Si- However, there is a subtle but important distinc¬ 
tion: Mannheim assumes the matter density for pointlike 
sources (and hence stress-energy tensors) involves factors 
of the form V^5(r), which are hard to obtain from the 
variation of a non-singular classical action. In our calcu¬ 
lations, matter fields obtained from variation of the ac¬ 
tion (i.e., Qap, 5 a/ 3 i etc.) have no worse than (5-function 
singularities, and hence imply the action is finite. (Fur¬ 
ther discussion of the viability of the Newtonian limit in 
Mannheim’s theory, including the possible need for ex¬ 
tended sources, can be found in Refs. [illili) 


VI. DISCUSSION 

We have reconsidered a gauge theory of gravity in 
which the gauge group is the conformal group SO(4,2) 
and the action is of the Yang-Mills form, quadratic in the 
curvature. By identifying the “background metric” with 
the fields gauged by the translation generator, the full 
SO(4,2) gauge invariance is broken to that generated by 
the Lorentz rotations, special conformal transformations 
and dilatations. Under certain restrictions, the vacuum 
equations of motion of our model are solved by the solu¬ 
tions of the vacuum equations of Weyl squared gravity. 

We then considered the linearization about torsion- 
free Minkowski spacetime. We found that matter which 
couples to the generators of special conformal transfor¬ 
mations induces gravitational forces which fall off as 
r“^, as in the weak field limit of GR. Conversely, mat¬ 
ter that couples directly to the vierbein induces forces 


^ It should be noted that the conclusions of [12 1 have been rebutted 
in®. 
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which are asymptotically constant in the far field. Un¬ 
like Weyl’s original conformal gravity (in the absence of 
the highly singular sources proposed in [sl, [^), the the¬ 
ory is potentially consistent with solar systems tests of 
gravity (with judicious parameter choices). Furthermore, 
the long range behaviour of the gravitational interaction 
could provide an explanation of the late time acceleration 
of the universe. The fact that matter with nonstandard 
coupling is responsible for Newtonian gravity is an ex¬ 
otic feature of our model that deserves further study. Fi¬ 
nally, the theory may be perturbatively renormalizable, 
since the gauge coupling constant (in four dimensions) is 
dimensionless. 

However, we must state an important caveat: As (|52ll 
shows, the linearized sector of the theory is governed by 
a fourth-order wave equation. According to “standard 
folklore” such a theory should be prone to ghost insta¬ 
bilities upon quantization 0 ; however we note that this 
is a controversial assertion and there are known counter 
examples [l5l| . In future work, we plan to study this issue 
in detail by examining the canonical form of the theory 
and its quantization. Also of interest for further work 
is the role of torsion and in astrophysics at both 
the linear and non-linear level, as well as cosmological 
solutions. 

We conclude by noting that local conformal symmetry 
is clearly not an observed property of low-energy physics. 
Therefore, our model will require a mechanism to break 
this symmetry at low energy in order to be consistent 
with familiar phenomena. There are several ways this 
can be accomplished, one of which involves coupling the 
model to non-conformally invariant classical matter. Or, 
as advocated by Mannheim [l^ and t’Hooft [l|, one can 
assume conformal symmetry is broken spontaneously in 
analogy to the breaking of electroweak symmetry in the 
standard model via the Brout-Englert-Higgs mechanism. 
That is, the vacuum state of some quantum field picks 
out a preferred conformal frame. We hope to report on 
such issues in the future. 
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Appendix A: Reduction to Weyl squared gravity 

In this appendix, we examine our model under the fol¬ 
lowing (somewhat restrictive) assumptions: 


(j) Torsion-free: = 0; 

{a) qa = 0 ; 

(Hi) = 0; and 

{iv) Sm only depends on gajs and matter fields, and none 
of the other components of Aq,; i.e, UajS = Cajs-y = 
da = 0 . 

We will see that these lead us to Weyl-squared gravity. 
Under these circumstances, the action (ITSl) reduces to 

S — 2 [ d Xy/ g{Ra0j6 2^0ij3js') (Al) 

9ym J 

Referring to the definition (HU) of (pap-yS, we see that 
this action contains no derivatives of fa/ 3 - Hence, fa/s is 
essentially a Lagrange multiplier. Variation of the action 
with respect to fa /3 yields: 



X [Ro.p - i {Up + kf9o.p)]6r^. (A2) 

Setting this equation to zero yields a constraint, which 
after some algebra gives: 

faP = 2 {Rap - \Rgap) ■ (A3) 

Substituting this constraint back into the action dAH) 
gives 

S=^ [ CaP^sC^^^^ + Sya, (A4) 

5 ym -I 

where Cap-yS is the ordinary Weyl-tensor. Now, variation 
with respect to the metric yields 

SS = j d^xU^ dgap, 

9ym J 

(A5) 

where ig the ordinary stress energy tensor, and the 
Bach tensor is defined in (ITTl) . We then obtain the field 
equation 

Rfj.i' = ~\9 ym^ij.i'- (A6) 

This is the equation originally studied by Bach @ . Notice 
that the Bach tensor is traceless, which places restrictions 
on the form of material sources of the form g°‘^ ^ap = 0. 


[1] G. T. Hooft, (2014), arXiv:1410.6675 [gr-qc] 

[2] E. Cunningham, Proc. London Math. Soc. (Ser. 2) 8, 77 
(1910); T. Bateman, ibid. 8, 223 (1910). 

[3] P. Dirac, Ann. Math. 37, 429 (1936); M. Drew and 
J. Gegenberg, II Nuovo Cimento A 60, 41 (1980). 


[4] H. Weyl, Space-Time-Matter (Methuen, 1918). 

[5] R. Bach, Math. Zeitschr. 9, 110 (1921); P. D 

Mannheim, Phys. Rev. D75, 124006 (2007) 

arXiv:gr-qc/0703037 [gr-qc] 









7 


[6] P. D. Mannheim and D. Kazanas, 

arXiv:0906.2837 [gr-qc]; J.-A. Lu and C.-G. 

Gen.Rel.Grav. 26, 337 (1994); P. D. 

Huang, Class.Quant.Grav. 30, 145004 (2013) 

Mannheim, Found.Phys. 30, 709 (2000) 

arXiv: 1306.3028 [gr-qc]; Gen.Rel.Grav. 45, 691 (2013) 

arXiv:gr-qc/0001011 [gr-qc] 

arXiv:1301.5796 [gr-qc] 

Found.Phys. 42, 388 (2012), arXiv:1101.2186 [hep-th] [10] 

S. M. Carroll, Spacetime and geometry: An introduction to general re 

[7] R. Utiyama, Phys.Rev. 101, 1597 (1956), T. W. B. 

(Addison-Wesley, San Francisco, USA, 2004). 

Kibble, J. Math. Phys. 2, 212 (1961); P. Townsend, [11] C. M. Will, Living Rev.Rel. 17,4(2014) 

Phys. Rev. D 15, 2795 (1977); S. W. MacDowell and arXiv: 1403.7377 [gr-qc] 

F. Mansouri, Phys. Rev. Lett. 38, 739 (1977): F. Man- [12] E. E. Flanagan, Phys. Rev. D74, 023002 (2006) 

souri, Phys. Rev. Lett. 42, 1021 (1979), K. Hayashi and 

arXiv:astro-ph/0605504 [astro-ph] 

T. Shirafuji, Prog. Theor. Phys. 64, 866882 (1980); E. A. [13] Y. Yoon, Phys. Rev. D88, 027504 (2013) 

Ivanov and J. Niederle, Phys. Rev. D 25, 976 (1982). 

arXiv: 1305.0163 [gr-qc]; P. D. Mannheim, (2015), 

[8] J. T. Wheeler, Phys.Rev. D44, 1769 (1991) 

arXiv: 1506.02479 [gr-qc] 

J. S. Hazboun and J. T. Wheeler, [14] K. S. Stelle, Phys. Rev. D16, 953 (1977) 

Class.Quant.Grav. 31, 215001 (2014), [15] C. M. Bender and P. D. Mannheim, 

arXiv:1305.6972 [gr-qc]; J. T. Wheeler, 

Phys.Rev.Lett. 100, 110402 (2008), 

Phys.Rev. D90, 025027 (2014), arXiv: 1310.0526 [gr-qc] 

[9] C.-G. Huang, Y. Tian, X. Wu, and H.- 

arXiv:0706.0207 [hep-th]; Phys. Rev. D78, 025022 (2008), 
arXiv:0804.4190 [hep-th] 

Y. Guo, Front.Phys.China 3, 191 (2008), [16] 

P. D. Mannheim, Mod. Phys. Lett. A26, 2375 (2011) 

arXiv:0804.4339 [gr-qc]; C.-G. Huang and 

arXiv:1005.5108 [hep-th] 

M.-S. Ma, Front.Phys.China 4, 525 (2009) 

arXiv:0906.2622 [gr-qc]; Phys.Rev. D80, 084033 (2009) 


